Abstract. Let (M, g) be a complete noncompact Riemannian manifold. In this paper, we derive a local gradient estimate for positive solutions to a simple nonlinear parabolic equation 
Introduction
Let (M, g) be a complete noncompact Riemannian manifold. We consider the evolution equation Suppose that (M, g) is a gradient Ricci soliton and c, f are described in Definition 1.1. Letting u = e f , one can derive from (1.2) that (cf. [8] , Eq. (7) 
It was pointed out by L. Ma [8] that it would be interesting to consider the local gradient estimate for positive solutions to the evolution equation (1.1). We shall give an answer to this question in this paper. Our main result is the following: 
, where > 0 and ν > 0 are some constants; (ii) if a > 0, we have for any α > 1 and 0 < δ < 1,
, where > 0 and ν > 0 are some constants.
It can be checked that the estimate in (i) of Theorem 1.1 is better than Theorem B in the case that K(2R) = 0, b = 0 and u(x, t) is independent of t. An interesting corollary of Theorem 1.1 is the following result.
Corollary 1.2. Let M be a complete noncompact Riemannian manifold of dimension n without boundary. Suppose that the Ricci curvature of M is nonnegative. If u(x) is a positive smooth solution to the equation
Our method of proving Theorem 1.1 is the gradient estimates, which originated first in Yau [12] (see also Cheng-Yau [4] ), and was developed by Li-Yau [7] , Li [6] , Negrin [10] , Melas [9] and Asserda [1] . However, one may notice that there are not many results on gradient estimates for nonlinear equations on complete noncompact Riemannian manifolds (cf. Li [6] ). In the rest of the paper, we will prove Theorem 1.1 (Sections 2, 3) and Corollary 1.2 (Section 4).
The case a < 0
In this section, we derive gradient estimates on positive smooth solutions of the equation (1.1) with a < 0. Replacing u by e b/a u, we only need to consider positive smooth solutions of the following equation: Let u(x, t) be a positive smooth solution of (2.
where α > 1 is a constant. Then we have by (2.1),
It follows that
From the definition of F (x, t), we know that 
Combining (2.5) and (2.6), using (2.3) and the fact that 
Using an argument of Calabi [3] (see also [6, 10, 8] )
For any fixed T > 0, sup
φ(x)F (x, t) must be attained at some point
Without loss of generality, we can assume 
. This inequality together with the estimates (2.8) and (2.9) yields
at (z, s). Multiplying both sides of (2.7) by φ, we have by (2.10) that s) . Following E. Negrin [10] , we denote
For simplicity, set
. By (2.11) and (2.12), we have at (z, s),
Multiplying both sides of the above inequality by sφ and using the fact that 0 ≤ φ ≤ 1 and a < 0, we obtain at (z, s),
For any fixed 0
Using the notation λ = φ(z)F (z, s), we have by (2.13) and (2.14), The inequalities
together with (2.16), give
Combining (2.17) and (2.18), we have
Now (i) of Theorem 1.1 follows easily from (2.19) since T > 0 is arbitrary.
The case a > 0
In this section, we prove (ii) of Theorem 1.1. Also, we only need to consider positive solutions of (2.1). We adopt the same notation as in Section 2, but here a > 0. Without loss of generality, we can assume φF achieves its positive maximum at (z, s) ∈ B p (2R) × [0, T ]. Using a similar means of deriving (2.13), we obtain the following estimate at point (z, s):
Denote λ = φ(z)F (z, s). By (2.14), the inequality (3.1) becomes
Note that for λ > 0, dividing both sides of (3.2) by λ, we have
With the same method of deriving (2.19), one can get
Now (ii) of Theorem 1.1 follows easily from (3.4) since T > 0 is arbitrary. for all x ∈ M, and whence we have proved Corollary 1.2.
